1 Multiple Integrals

1.1 Double Integrals over Rectangles

Recall that f; f(x)dx gives the area under the curve from z = a to = b.

Also, f: f(z)de = lim Y. f(2i)Azy (Riemann sums)

Now we have volume.

Volume Problem: Given a function of 2 variables that is continuous and non-negative on a region R in the
xy-plane, find the volume of the solid enclosed between the surface z = f(x,y) and the zy-plane.

Plan:

1. Partition R in rectangles.

2. Choose a point (x},y;) in each rectangle.

3. Map onto z.

4. Form parallelpiped.
We can then approximate the volume using rectangular parallelpipeds.
Volume =~ area of rectangle x height — Volume ~ AAy f(z7, y5).

Volume ~ AA f (x5, y})-

n
Volume = lim > f(z}, yi)AA (this is the formal definition for the volume problem using Riemann sums)
n—oo k=1

If f has both positive and negative values, then the volume is the difference in volumes between R and the
surface above and below the xy-plane.
Definition
If f(z,y) > 0, then the volume of the solid that lies above the rectangle R and below the surface
z= f(z,y) is:
V= nlgﬂgokzﬂf(xkvyk)AAk = m,lrlgoo ZZ [y, yr) AAy

= i=1 j=1

= //f(w,y)dA
R
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Example

Estimate the volume of the solid that lies above the square R = [0, 2] x [0, 2] and below z = 16 —2%—2y2.

Divide R into 4 equal squares and choose the sample point to be the upper right corner of each square.

So V = [[(16 — 2% — 2y?)dA.
R

n
Thisis lim Y f(a},y;)AA,. We will use approximately 4 parallelpipeds.

Weget Varl f(1,1)+1-f(2,1)+1-f(1,2)+1-£(2,2).

This is equal to V = 34 u®. This is an estimate.

Example
If R={(z,y)| —1<2<1,-2<y<2}, evaluate [[ V1 — 22dA.
R

The graph will look like half of a cylinder.
The volume of a cylinder is 7r2h.

V = imr’h = i7(1)%(4), so [[ dA = 2m.
R

Midpoint Rule - This tells us to evaluate [| f(z,y)dA using Riemann sums and midpoints.
R

Evaluating Double Integrals — uses iterated integration.

d b d b
"y = )
/C/af(Jr )dxdy / Va f(z y)dx] dy

This integral can be dxzdy or dydzx.
Example

Integrate f03 ff 22ydydz.

First integrate ff x2ydy.

This is 22 - 1y? fromy =1 to y = 2.

And then we have [ (12222 — 122 .12) dz.

.3 .
Thisis [ Sxdx = $2® from x = 0 to 2 = 3, and the answer is z,

Example

Evaluate [ [ a2ydzdy.
First evaluate f03 a?ydz to get y - +2° from x =0 to x = 3.

Then we have ff 9ydy and this is %yQ from y = 1 to y = 2, so the result of the integral is 22—7

2T in both cases is the area underneath f(z,y) = z%y and above R : [0,3] x [1,2]. Note that dz and dy are

not always interchangable.
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Theorem 1.1: Fubini’s Theorem

Let R be a rectangular region defined by a < © < b, ¢ < y < d. If f(z,y) is continuous on this

rectangle, then: Lo b
// f(,y)dA = / / £ y)dady / / f(y)dyda
R

Example
Evaluate [[(z — 3y?)dA with R = [0,2] x [1,2].
R
The integral is f02 ff(:c — 3y?)dydx.
We start with the inner integral and get zy — > fromy =1 to y = 2.

Then we evaluate f02(2:c —8) — (lz — 1)dz to get fOQ({L‘ - 7)dz.

The result of this integral is —12.

A few properties:

1. ffcf(x,y)dA:cfff(x,y)dA
2ff (x,y) £ g(z,y)]dA = fffxydA:tffgxyA
3. gf z,y)dA = [[p flz,y)dA+ [[5 f(z,y)dA

4. g g()h(y)dA = [° g(z) [* h(y)dy where R = [a,b] x [¢,d].

Example

Evaluate [[ sinz cosydA where R = [0, %] x [0, 7].
R

We can use the fourth property above to get fow/z sin zdx - fow cos ydy.
We get cosz from 0 to /2 and subtract siny from 0 to & from this.

The answer is 0.

Example

Find the volume of the solid that is bounded above by f(z,y) = ysin(xy) and below by R = [1, 2]x[0, 7].

T 2 . 2 T .
V= [y [ ysin(zy)dady = [} [ ysin(y)dyda.
The first option is better.

So we start with y - f% cos(zy) fromz=1toxz =2

Then, [ (—cos2y + cosy)dy = 0.

Average Value: fug = ﬁff f(z
R
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Example

Find the average value of f(z,y) = 2%y over R with vertices (—1,0), (—1,5), (1,5), and (1,

The area of the rectangle is A = 10.

Set up the integral to get fuug = 15 fil f05 r?ydydx/

1.2 Double Integrals over General Regions

There are 2 Types of regions:
The biggest question is finding the limits of integration.

0).

So if we have y in terms of z, then we use ff flz,y)dA = ffg?((;? (z,y)dydzx.

If we have z in terms of y, then fff (z,y)dA = fth(y f(x,y)dzdy

Example
Evaluate [[(z 4 2y)dA where D is the region bounded by y = 22% and y = 1 + 2.
D

We have both equations being y = something, so we are integrating with respect to y first in this case.
Though the reason for this is mostly because we are integrating vertically.

So the integration is f f%z x + 2y)dydzx.
We then get zy + y? with limits of integration y = 222 to y = 1 + 2%
So this results in f r(1+22)+(1+2%)?) = [2(222)+(22%)?]dz = fil(—3x4—x3—|—2x2+m+l)d53 =3

Example
Set up only! Evaluate [| zydA where R is the region bounded by y = —z + 1,y =2+ 1, and y = 3.
R

Draw to see the region. We can see from the graph that integrating by x first is probably the better
idea, because y would require 2 double integrals.

So setting up the integral gives ff’ fly__yl xydxdy. (Setting the equations in terms of z =)

Example

Find the volume of the solid that lies under z = xy and above D where D is the region bounded by
y=x—1and y? =2z +6.

By drawing this, we see we will go by dx first.

Setting up the integral is f f1 2y xydrdy.
Starting the integration, we get ;5 122y with the limits of the first integral.
This gives 1 f (y+1)2-y— (392 - 3) - ydy.

Simplifying some more gives %f: —3y° + 4y® + 2y? — 8ydy and this gives 36 as an answer.
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Example

Jo [ sin(y?)dyde

If we draw the region, we have y =1 and y = x.

We go from z = 0 to = y and for the y limits, we go from 0 to 1.
Therefore the integral is fol o sin(y?)dxdy.

Solving this integral gives f% cos(1) + %

Example

Use a double integral to find the area of the region enclosed between y = 23 and y = 2z in the first
quadrant.

Set up the integral A = foﬂ ff3 x to get the area.

Exercise Evaluate by reversing the order of integration: f02 f;ﬂ e"’Qdasdy.

1.3 Double Integrals in Polar Coordinates

Recall that polar coordinates are in form (r,6) and rectangular coordinates are in (z,y).
In polar, for the unit circle, we can write 0 <r <1 or0 <6 < 27.
We have 3 equations for converting:

o 12 = g2 4 y2

e x =rcosf

e y=rsinf

To find the volume, the process is similar to the Riemann sum process for double integrals.
V= nlggc];f(rk,ek)mk = //f(r,@)dA

In the above, A Ay represents the area of the polar rectangle.
Now we need to find the area of a polar rectangle.

First we know that the area of a sector is %7’20 and that A Ay is the large sector minus the little sector.
Therefore we have % (r;: + %Ark)z AGy, — % (r,’; - %Ark)z AOk.
And this simplifies to r;ArpAby, so AA, = riArpAby,.

So, V = [[ f(r,6)dA = lim 3 f(ri, 00t AreAdy.
B n—o0 ;]

Vz//f(r,@)rdrd@
R

So we have
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Example

Find [/ sinf@dA where R is the region outside the circle r = 2 and inside r = 2 + 2cosf in the Ist
quadrgnt.

We see that the circle will be hit first, then the other polar curve.

So the integral is f;"/* [772°*% sin ¢ - rdrdo.

Note the outer integral goes to 7 because that is the first quadrant.

So the inner integral becomes sin @ - 57’2 from the bounds r =2 to r =2+ 2cos 6.

We then integrate 1 foﬂ/z sin 6[(2 + 2 cos 0)2 — 22]d6.
Solving this gives 8/3.

Example

Find the volume of the solid bounded by z = 0 and z = 1 — 22 — ¢2.
The graph of z = 1 — 22 — y2 will be a paraboloid.
So R is a circle with radius 1 when we draw this paraboloid.

We could integrate as V = f f W — 22 — y?)dydz, or we could convert to polar.

. . 27 1 .
In polar, we know R is a circle and then we can convert to polar to get foﬂ fo (1 —r2) - rdrdf, which
isequaltoV =712

Area is the same as before, recall this was A = [['1-dA, and now it is [[ rdrdf.
R R

Example

Use a double integral to find the area enclosed by one loop of the four-leaf rose of r = cos 26.

/4 cos 20

w/alto rdrdf, and this integral is

If you know how to draw this, then we can find the area A = [~
simple to solve, the answer is 7/8.

Example

Find the volume of the solid that lies under z = 22 4+ y2, above the xy-plane, and inside 2% + 3% = 2x.
The graph 22 + y? = 2x can be rearranged to complete the square. We have then (z — 1)? +y? = 1.
So if we were to convert 22 4 y? to polar, we get 2.

We have r? = 2rcos# and r = 2 cos¥.

The integral then we get f 2 fQCoge 2) - rdrdo.

The integral is V =

1.4 Surface Area

The formula for surface area is

S

A(S) = 1im 37 1/(20)2 + ()% + 124

k=1
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which becomes

A(S) = // G+ (2,7 1 144

R

Example

Find the surface area of the part of the surface z = z2 + 2y that lies above the triangular region with
vertices (0,0),(1,0), and (1,1).

z=x%+2y, z, =2z and z, = 2.

So A(S) = [ [ /(22)% + (2)% + ldydz.

This integral gives (27 — 5v/5).

Example

Find the surface area of the portion of z = 22 4 2 below the plane z = 9.
Paraboloid!

The integral is A(S) = [[ /(22)% + (2y)% + 1dA.
R

We might be able to see that simplifying this gives 422 + 4y? + 1 inside the square root, and we have
an 22 + y? = 9 in the paraboloid.

We should use polar.

So we now have fozﬂ fOS VAar2 + 1 - rdrd®.
This gives you Z(373/2 —1).

Example

Find the surface area of z = v/4 — 22 above R : [0, 1] x [0, 4].

2
. : . o )
Setting up the integral gives g \/( \/m) + 0%+ 1.

It doesn’t really matter the way we integrate, so we get fol f04 ,/422 + j:i; dydzx.

dzx.

This simplifies to [, —5—

We notice that this becomes 8sin™" (%) with bounds 0 to 1, and this gives 4.

1.5 Triple Integrals

So far we have

e D is closed (can be contained in a rectangle)

e Taking limit as n — oo gave us the volume under z = f(x,y).
Now, triple integrals.

e Closed solid B (can be contained in a box).

e Divide B into n sub-boxes.

e Volume of each box is AV and a point in the box is (77}, ¥/ix: 27jx)-
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Then lim f(x;fjk,y;jk,z;;k) AV = [If f(z,y,z)dV.
B

This gives us hypervolume.

e Same properties and evaluation as before (double integrals)

o If Bisaboxdefinedbya <z <b c<y<d e<z<f, then ffff(x,y,z)dV:feffcdf:f(a:,y,z)dxdydz.
B

Example

Evaluate [[[ zy22dV where G : {(z,y,2)[0 <2 <1,-1<y<2,0< 2z <3}
G

Convention is to do fol f_zl f03 ryz?dzdydz.

Let us start with the z part to get f01 ffl tayz® from z =0 to z = 3.

Then we get fol %ny fromy=—1toy=2.

And then we get § [ 3zdx = 27.
If the region B is rectangular and the function is a product (such as f(x,y,2) = g(z) - h(y) - j(2)), we can
split up the integral.

The above integral will become: fol zdx - ffl ydy - f03 22dz.

Type | Solid: E is a solid with upper surface z = ua(z,y) and lower surface z = ui(z,y). D is the projection
of E onto the xy-plane.

Then [f f(z,y, 2)dV = [[ [2%) f(x,y, 2)dzdA.
E D

To find limits of integration:
1. Find upper and lower surfaces bounding E. These are limits for z.
2. Make a 2-d sketch of the projection D on zy-plane.

3. Treat like usual.
Example
Evaluate [[[ z2dV where T is the tetrahedron bounded by z =0,y =0, z=0and z +y + z = 1.
T
This is a tetrahedral in the first octant and x + y + z = 1 is a plane.
Wehave z=1—x—y, 50 [ [ [ 7°7" 2 dzdydz.
And from the other bounds we get fol 01—:,; Ol_z_y 2 - dzdydz.

The outer integral note should always have constants.

The answer of this integral becomes 3.

Sometimes we have lateral surfaces bounding, not the top or bottom.

Type Il Solid:
[ fua(y,2) ]
o BoL u1(y,2) |
Type Il Solid:
i ug(z,2) b
[ tevnav = [ | [ sy aa
5 Bl uy(z,2) ]
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Example
Evaluate [[[ vz + 22dV where E is bounded by y = 2% + 22 and y = 4.
R

y = 22 4 22 is a paraboloid and y = 4 is a plane.
We want to start integrating from y since the paraboloid goes towards the plane always.
We project the figure now on the xz-plane and now get a circle with equation 2% 4 22 = 4.

So we can write the integral now as [*, [ %fruﬂ Va2 + 22dydzda.

First we have the first part of the integral be equal to f f W(Zl 22 — 22?2 + 22dzdx.

In this we see that 72 = z2 + 22.

When we switch to polar we end up getting fo% f02(4 —r3)r - rdrdd.

This gives you %.

Volume as a triple integral: V = [[[1-dV.
B

Example

Setup an integral to find the volume of the wedge in the 1st octant that is cut from the solid cylinder
y? 4+ 22 <1 by the planes y = x and 2 = 0.

We start with z then we can see y = x from the projection.

So V= [l [ VYV 1. dzdudy.
Note it is not always the case that the order of integration can be changed without changing the bounds.

Example

Find the volume of the solid enclosed between the paraboloids z = 522 + 5y% and z = 6 — 7x? — 2.

To find projection D we have 522 + 5y% = 6 — 722 — 4%, Solving gives us y = +v/1 — 222 (or a circle).

1
. vz V1—2z2 6—7x2—y?
The integral becomes V = f_% N e I, wisye 1 dzdydr.

1.6 Triple Integrals in Cylindrical Coordinates

Cylindrical coordinates are like polar, but in 3-D.

To convert cylindrical to rectangular, it is the same as polar. x = rcosf, y = rsinf, and the additional part
is z=z.

We also get 72 = 2% 4+ y?, tan# = £ and z = z once again to convert rectangular to cylindrical.

Exercise Plot (2,27, 1) and find rectangular coordinates.
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Example

Find cylindrical coordinates for (3, —3, —7).

r? = 32 + (—3)2 gives r = 3v/2.
_ _ 3m T
tanf = —1, so 6 = =F or “F.

We pick %“ for this, and then we get coordinates (3v/2, %“, =7.

Example

Describe the surface z = r.

We can rewrite this was z = \/x2 + 92 and therefore 22 = 22 4 y2, which describes a cone.

n
Recall from earlier: j:b[f flz,y,2)dV = nhHH;O k;f (xfjk,y;‘jk,zjjk) AV
AV}, is the area of base times the height. From earlier, AVj, = r; ArpAfy - Azy,.

So, fgf f(z,y,2)dV = [[[ f(r,0,z) - rdrdfdz.

To find limits of integration:
1. Identify upper surface z = go(r, ) and lower surface z = gy (r,6).

2. Make a 2-D sketch of projection onto zy-plane to determine bounds for r and 6.

Example
Evaluate [[[ dV where G lies within 2% + y* = 1, below z = 4, and above z = 1 — z? — y2.
e

We are finding a volume.

The graph gives a cylinder, with a hemisphere at the bottom removing a part of the cylinder (bad
explanation but it's ok).

So the integral is V = f I Wfl w2y L dzdydz.

As we can see, the projection on the xy—plane is a circle, so cylindrical coordinates are best.
21 1 4
Now we have [, [ [, 217 dzdrdf

Integrating this gives you V = %77.

Example

Convert from rectangular to cylindrical: f S mfm +y?)dzdydz.

R is a circle with radius r = 2, so the integral becomes fo fo ff r2 . rdzdrdf.

The integral evaluates to 19

10
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Example

Let E be the region inside the sphere of radius 2 centered at the origin and above the plane z = 1.

Find the volume of E.

THe equation of the sphere is 2 + y? + 22 = 4, so we have 22 =4 — 2,

The integral can be V = fo% foﬁ A T rdzdrds.

We have figure D : 22 +y?> 4+ 22 =4 and z =1, so z® + y? = 3.

1.7 Triple Integrals in Spherical Coordinates

11

Spherical Coordinates: (p, 8, ¢), where p is the distance from the origin to the point, € represents the same
as before (the angle on the zy-plane from the z-axis), and ¢ represents the angle between the positive z-axis

and point.
Bounds for p, 6, and ¢:
e p>0
e 0< A< 2r
c0<o<n
A few common graphs:
e p = c gives a sphere
e 0 = c gives a “half” plane
e ¢ = c gives a cone (0 < ¢ < /2 will give the top part)
Converting:
e r = psin¢cosh
e y=psingsinf
® 2 =pcos¢

Also, p? = 22 + 32 + 22,
Example

Convert (2, T %) to rectangular.

s

o . o . T _ 3
We know z = psin¢cosf, so z = 2sin 3C0ST =1/3.

y = psin ¢sin b, so pluggin in gives %

z=pcos¢=2cos 5 = 1.

The coordinates are (\/g, \/g, 1).
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Example

Convert (0,2v/3, —2) to spherical.
pP?=x?+y>+22 s0p=4.

z = pcos ¢, and we can see that cos¢ = %, so ¢ = 2% or 2X, but knowing the bounds for ¢ gives
=2
We know that cosf = ﬁ, so cosf) = 0, and 6 = 7 is the only 6 that works in the zy-plane for this.
The point is (4, T %”)
Recall: [[f f(z,9,2)dV = lim > f(x;?‘jk,y;"jk.z;‘jk) AVi= [ [ [ 2 f(p,0,6)p” sin pdpdesdd.
E N0 k=1 ’
Example

3
Evaluate [[f e@*+v°+2°)2 2 dydx were B is the unit sphere.
B

If try rectangular, we would find the limits of integration are messy.
So we use spherical.
. . 27 pm ol (p2)3/2 2 .
The integral is [ [ [, e p? sin ¢pdpdedo.
This is equal to [i" [T [" p?e?” sin ¢dpdde.
. . . 4m(e—1)
Integrating this fully gives =“5—2.

Example

Convert to spherical: f I :}4%—; VATV 2 0% 2 4 22dedyde.

We can see that the whole inside part gives (pcos ¢)? - p - p? sin pdpdpdo.
The most inner integrand is a hemisphere so bounds go from 0 to 2.
The second integrand is a circle so bounds go from 0 to /2.

The integral is fOZTr fog , f02 p° cos? ¢ sin pdpdpde.

The answer of this integral is %77

Example

Find the volume of the ice cream cone bounded by z2 + 4% 4+ 22 = z and z = /22 + 2.
Remember V = [[[1-dV.
E

. . 2 2 2 _ 1
So the sphere equation can be rewritten as z* + y* + (z - 5) =7
So the center of the sphere is (0,0, 1) with r = 1.
p:x?+1y?+22 =2 p?=pcosd, p=cosa.
. _ 3 R . . _
¢:z=+/2%2+y? pcosp = \//)2 sin® ¢ cos? 6 4 p? sin” ¢ sin” 6, so cos ¢ = sin ¢, gives ¢ = §

So the integral becomes V = f02 /4 focow 1 - p? sin pdpdod6.

Solving this integral gives V = %
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We can split a triple integral into 3 separate integrals when all the bounds are numbers, and functions are as
products of functions.

1.8 Change of Variables in Multiple Integrals

Example

Let T be the transformation from uwv-plane to xy-plane defined by z = %(u +wv)and y = %(u —v).
(a) Find T'(1,3).

z = (1+3) =1 and doing the same gives y = —1, so (1, —1).

(b) Sketch the image under T' bounded by —2 < u <2 and -2 <wv < 2.

The figure for uv-plane is a square centered at the origin with side lengths of 4.

The plan to draw the image on the xy-plane is to sketch several u, v curves and then you need to know
u, v in terms of = and y.

4r = u+v and 2y = u — v, and this gives 4z 4+ 2y = 2u and u = 2z + y as a result.
We can see u = —2 gives y = —2x—2, then y = —2x — 1 when u = —1, and when u = 2, y = —2x+2.

Similarly, v = 2z — y, and we see a pattern here as well.

In a way, it is easier to integrate over a different region like mapped above.

Definition: Jacobian

If = g(u,v) and y = h(u,v), then the Jacobian of z and y with respect to w and v is:

o=.y) |52 &
O(u,v) g% %

We use this to give us the extra factor when converting integrals.

It is similar to converting in polar (or cylindrical), where you added r, or simliar to spherical when you added

p? sin ¢.
” é/ rear= [[ st |50

dudv

Example

Consider x = rcosf and y = rsinf. Find the Jacobian.

oz ox :
. L 5 cosf —rsinf .
The determinant of this will be |97 89| = | . =r2cos?f +rsin?f =r
= 59 sinf  rcosf
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Example
Evaluate [[ 3zydA where R is bounded by  — 2y =0, 2 —2y = —4, . +y =4, and z +y = 1.
R
Weletu=2—2y, v=x+y, sou=0,—4 and v = 4, 1. The region of this is rectangular, much easier
to solve than if you were to do it based on y.
For change of variables, first you need to find the Jacobian.
We need z(u,v) and y(u,v).

So we have y = (v — u) and z = % (u + 2v) from the values of u and v.

W=

The jacobian is then = 3.

3

2
11
3

Then we have to do change of variables in the integral.
So the integral is f14 fil 3(3(u+2v)) (3(v—w)) - |3] dudv.

This integral results in %.

Now for 3 variables.
Example

Find the Jacobian of z = psin¢cosf, y = x = psin¢psinf, and z = pcos ¢.

singcosf pcos¢pcosf —psingsinfd
The Jacobian becomes [sin¢sinf pcos¢sinf  psin ¢ cosf
cos ¢ —psin ¢ 0

From this, we get and doing some simplifications gives you the determinant of this, which is p? sin ¢.
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